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^ , We present a geometrical unification theory in a Kaluza-Klein approach that achieve 

' the geometrization of a generic gauge theory bosonic component. 

cr| 

We show how it is possible to derive the gauge charge conservation from the invariance 
. of the model under extra-dimensional translations and to geometrize gauge connections 

• 1— I ! for spinors, thus we can introduce the matter just by free spinorial fields. Then, we 

^ I present the applications to i)a pentadimensional manifold V'^ ® S^, so reproducing the 

c3 ' original Kaluza-Klein theory, unless some extensions related to the rule of the scalar field 

contained in the metric and the introduction of matter by spinors with a phase depen- 
dence from the fifth coordinate, ii)a seven-dimensional manifold ^ ^ S'^, in which 
we geometrize the electro- weak model by introducing two spinors for any leptonic family 
and quark generation and a scalar field with two components with opposite hypercharge, 
responsible of spontaneous symmetry breaking. 



1 Introduction 



Once in 1916 General Relativity theory appeared, by virtue of Albert Einstein's genial 
recognition of the general space-time structure, it arose the idea that all fundamental 
interactions of Nature could admit a geometrical interpretation, i.e. developed the so- 
called "geometrical unification theories". 

In four space-time dimensions, the Riemmannian dynamics admits enough degrees of 
freedom to describe only the gravitational field, whereas all the others ones have to 
be regarded as "matter" which infiuences the metric of the space-time by its energy- 
momentum. 

As well known, a natural way to enlarge the number of geometrical degrees of freedom 
consists of adding extradimensions to the space-time and then using the new available 
metric components to describe other fundamental field of Nature. Such a point of view 
was addressed first by Kaluza and Klein, who provided an independent geometrization 
of the electromagnetic field via a 5-dimensional space-time geometry; it is just since 
them that this kind of approach to geometrical unification of the fundamental interac- 
tions acquired the name of "Kaluza-Klein theories". It is worth noting how the main 
achievement reached by Kaluza fTJ consisted of recognizing the multidimensional idea 
of unification, while Klein [2j [3j had the merit to clarify how the extradimension can 
acquire a precise physical meaning under a suitable topology choice, i. e. the so-called 
"compactification of the dimension". 

After them the idea of multidimensionality acquired a physical plausibility and stimu- 
lated many works [ij [5j; however the Kaluza-Klein approach manifested all its powerful 
capacity to represent Nature in a geometrical picture, only when it was shown how the 
choice of an extradimensional compact homogeneous space (for the proprieties of homo- 
geneous spaces see [£]), allowed the geometrization of the non-Abelian gauge theories, 
i.e. of the so-called Yang-Mills fields [Z|-[I1| (for a complete review see IIH]); the leading 
idea of this success rely on the correspondence between the isometry of the internal space 
and the Lie algebra of the non-Abelian group. 

In spite of the surprising performance of the Kaluza-Klein point of view in geometrizing 
the bosonic component of the fundamental interactions, it shows serious shortcomings 
when the attempt of extending the procedure to the fermionic fields is faced (without 
introducing supersymmetries in the scheme ^3): thus in our work we introduce 
fermions as matter fields. However, assuming suitable hypothesis for the dependence 
from extra-coordinates, it is possible to geometrize gauge connections [TH], thus we have 
to introduce just free spinors. 

This assumption is also justified by the fact that it leads to the identification of extra- 
components of the fields momentum with gauge charges, whose conservation thus is 
consequence of the invariance of the theory under extra-dimensional translations that 
can be interpreted as gauge transformations. 

In our work, we consider a "pure" Kaluza-Klein approach, i.e. extradimensions are 
spacelike and compact; however there are alternative models, such as projective theories 
[in]-[221, in which they introduce not physically real extracoordinates, and non compat- 
tified theories [2n]-[2ni, that assume noncompact extra-dimensional manifold with not 
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necessary spacelike coordinates. 

Here the only extension respect to canonical Kaluza-Klein theories is the introduction of 
a dependence of the extra-dimensional metric by four-dimensional coordinates by some 
scalar fields alpha, for which we get the dynamics. 

The most important problem we face by extending the Kaluza-Klein approach to more 
than five dimensions is that a ground state direct product of a Minkosky space and a 
compattified one is not a solution of vacuum Einstein equations [SOI ISH ESI A 
possible solution to this feature is the introduction of suitable matter field, by which 
it is also possible to give an explanation for the breaking of general invariance with 
Spontaneous Compactification processes |nil-|ll] (for a review |121)- They consist in the 
application of spontaneous symmetry breaking mechanism to space-time by introducing 
a field whose Lagrangian is invariant under general coordinates transformations but it is 
in a vacuum state which breaks symmetry, maintaining just general four-dimensional in- 
variance and invariance under transformations on extra-space which reproduce on fields 
gauge transformations. 

However, as point out by Witten ^21, a Minkosky plus compact ground state can also 
be the minimum of some potential of a quantistic theory. 

Other problems arise when we consider a non-abelian gauge group; in particular to repro- 
duce the correct transformation law either for gauge bosons either for matter fields, and 
also to get the fields equations in the four-dimensional theory, every four-dimensional 
model has to be consider as a phenomenological theory built by an observer who cannot 
see extra-dimensions. 

Moreover, free Dirac lagrangian dimensional splitting produces four-dimensional Dirac 
lagrangian with spinorial gauge connections plus adjunctive terms that can be eliminated 
with suitable assumptions for extra-dimensional spinorial connections [IE]; this feature 
arises the problem of the physical interpretation to give to connections in a manifold 
along which we consider only translations. 

In particular in our work we present, as first application of the general case, the 
Kaluza-Klein theory in 5 dimensions which leads to the geometrization of the electro- 
magnetic interaction, thus of a U(l) gauge theory; we develop a theory in which the 
quantum electrodynamics emerges in natural way when reducing all the dynamical vari- 
ables to their 4-dimensional status. 

Connected with this main result, we also face the problem about the physical interpre- 
tation of the scalar field associated to the 5 — 5 component of the metric tensor; indeed 
when we take jss = 1, in the 5-dimensional Lagrangian, the presented theory reduces 
exactly to the Einstein-Maxwell-Dirac dynamics, but the most general case involves a 
scalar field whose dynamics do not resemble any physical field. We show that by the 
introduction of a new scalar field, linked to the original one, and by a conformal trans- 
formation operated on the four-dimensional metric, it is possible to obtain a term in the 
action (as well as an energy-momentum tensor) for the new scalar dynamics which looks 
like that one of a Klein-Fock field. 
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Then, we demonstrate by a classical calculation the equivalence between the fifth com- 
ponent of 5-momentum and the electric charge and, following such a procedure, we also 
obtain an estimate for the length L of the fifth dimension. We reliably expect that this 
relation be valid in general and then treating with charged particles we have to provide 
the corresponding field with a phase dependence on the fifth coordinate. 

However it is Well known 11^] that the introduction of a spinorial field on a curved 
space-time, leads to define a new covariant derivation made up of the ordinary one plus 
a new term, which acts only on spinorial quantities via a specific connection called just 
spinorial connection. 

This new derivation is necessary to make possible the extension to a curved space- 
time of the whole paradigm for the Dirac's algebra; in particular the spinorial covariant 
derivative is constructed by requiring that it anhilates the Dirac's matrices on curved 
space-time. 

Once defined the spinorial covariant derivative for a five-dimensional space-time, we 
show that if we assume a non-standard form for the connections we obtain the desired 
electrodynamics coupling. 

The analysis of the pentadimensional case is concluded via considering the modification 
of the spinorial part of the 4-dimensional action produced by the conformal transfor- 
mation on the 4-dimensional metric tensor. More precisely, we show that, if we don't 
operate a suitable conformal transformation on the spinorial field, then we obtain a 
Dirac equation for and %[) which leads to the non-conservation of the electric charge. 

The other application we consider is the geometrization of the electro-weak model, 
thus of a gauge group SU{2) ® U{1); the problem that affect multidimensional theories 
which deal with electro- weak interaction is the so-called chirality problem jlH] the 
problem to reproduce spinors with opposite chirality with different interaction propri- 
eties. Here we overall it by assuming for different chirality states different dependence 
by extra-coordinates and we derive all standard model particles from just two spinors for 
every leptonic family and quark generation, thus obtaining a reduction of the number 
of matter fields than Standard Model. 

Then, to reproduce Higgs bosons we introduce a scalar field subjected to Higgs potential 
and, to realize invariant fermionic mass terms, we predict it has two components with 
opposite hypercharge; however dimensional splitting produces adjunctive Higgs mass 
term ~ lO^^GeV which will impose extremely accurate fine-tuning on the parameters of 
Higgs potential. Another sources of spontaneous symmetry breaking may be the fields 
responsible of spontaneous compattification process or alpha fields, which we show can 
be interpreted as Klein-Gordon fields. 

In particular, the organization of all these features in the work is the following: 

• in the first chapter we deal with the general case: in section 1 we achieve a generic 
gauge theory geometrization in presence only of gauge bosons, obtained using an 
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action which is the n-dimensional generalization of Einstein-Hilbert one, while 
in section 2 we introduce matter fields and show the equivalence between gauge 
charges and extra-components of the field momentum, whose conservation comes 
from the invariance of the theory under extra-dimensional translations; in section 
3 we present the case of a free spinorial n-dimensional field and we show how gauge 
connection for the four-dimensional field associated has a geometric source; we also 
introduce suitable extra-dimensional spinorial connections in order to reproduce 
the four-dimensional theory. 

• in the second chapter we consider the pentadimensional theory: in section 1 we 
provide a brief review on the 5-dimensional Kaluza-Klein theory, within which, 
the electromagnetic interaction finds its natural framework of geometrization; in 
section 2 we reproduce the classical calculation about the relationship between the 
fifth component of the momentum and the electric charge and give the classical 
estimate for the length L of the extra-dimension; in section 3 we introduce in our 
theory a spinorial field as a matter field and show that it is possible to obtain the 
gauge coupling of Q.E.D. if we assume a non-standard form of spinorial connections 
and provide the spinorial field with a phase dependence on the fifth coordinate, 
then we also give an independent estimate of L which agrees with the classical one; 
in section 4 we define a new scalar field and operate a conformal transformation on 
the four-dimensional metric in such a way that the new field is a Klein-Fock one; 
in section 5 we study the modification of the spinorial part of the 4-dimensional 
action due to the conformal transformation operated on the 4-dimensional metric 
and show that if we don't operate an appropriate transformation on the spinorial 
field we get inevitably the non-conservation of the electric charge; in section 6 we 
present a cosmological implementation of the model by which we can explain the 
compattification of the fifth dimension and we predict for fundamental constants 
a dependence from space-time extra-coordinates. 

• the third chapter is the application to a gauge group SU{2) ®U{1) in a space-time 
V^^S^^S"^: in section 1 by introducing two spinors for every leptonic family and 
quark generation we overall chirality problem and reproduce all standard model 
particle and, by imposing after dimensional reduction the coincidence of our La- 
grangian with electro-weak plus Einstein-Hilbert ones, we also obtain an estimate 
of extra-dimensions length; in section 5 we consider a two components scalar field 
subjected to a Higgs potential, whose four-dimensional reduction has the same 
lagrangian density as Higgs field but two components with different hypercharge; 
moreover the presence of extra-dimensions produces a mass term ~ IQ^^GeV , so 
to be consistent with limits on Higgs' mass it is necessary an extremely accurate 
fine-tuning on the parameter /i^; in section 3 we demonstrate that it is possible 
to interpret a fields, by a redefinition of them and a conformal transformation on 
four dimensional metric, as interacting Klein-Gordon fields. 
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2 Kaluza-Klein theory in general case 

2.1 Geometrization of a gauge theory bosonic component 

Let consider a n-dimensional space-time manifold V'^^B'', where is the ordinary four- 
dimensional manifold and is a k-dimensional {k = n — 4) compact homogeneous space 
such that its Killing vectors reproduce the algebra of the gauge gauge we geometrize 



f m 



where are gauge group's structures constants. 



In general the space-time dimensionality is different from the gauge group one so the 
number of Killing vector is different from n and we can impose just one of the reciprocity 
conditions 

we will take the first one. 

In the following we will consider the variables (/i = 0, . . . , 3) for the ordinary 
four-dimensional coordinates, (m = 0, . . . , A; — 1) for extra-dimensional ones and 
(A = 0, . . . , n - 1) for both. 

The theory we construct is invariant under the coordinates transformations 

SO we have general invariance under 4-dimensional transformations and the invariance 
under translations along extra-dimensions, and we write the metric as 



/ g^,{xP)+^mn{xP;yn^f,{yn^%{ynAf{xf)A^{xP) 



Jab 



lmn{xP;yn^^JynA^{xP) \ 



(4) 

where we assume that also depends from the ordinary space-time variables, by some 
scalar field a that determine the structure of the space B^ 

lmn{x;y) = r]mr{x)^^^{y) 7],nn{x) = llmnOi^oT- (5) 

where in the latter the indices m and n are not summed. Under the transformations Q, 
with oj infinitesimal, the extra-dimensional metric at the first order in using the (|H), 
does not change for the homogeneity of B^ 

I'rniy) =%niy), (6) 
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while the fields behave like Abelian gauge's bosons 



A 



IM 



dx'" 



A 



M 



dx'' 



M- 



(7) 



and Qf^u like a four-dimensional tensor 



dx'Pdx'" , , 



(8) 



so it can be identified with four-dimensional metric. 

In order to interpret the fields A^^ as a generic gauge theory's bosons it is necessary 
to consider the way an observer who perceives a four-dimensional space-time reveals a 
transformation on extra-dimensions, which are compattified to such distance he cannot 
see them. In fact, the variation of the component jm^i under the second of ^ is |22j at 
the first order in a; 



5Jm^^{x■, y) = y) - Jmf,{x; y) = Jmnix; y)^lj{y) CpQU^{x)A (x) + 



du^jx 
dxf^ 



(9) 



where the variation is a consequence of both the variations of A^ and but Killing 
vectors are defined on extra-dimensional manifold and so neither them neither their 
changing are observable. Consequently, a four-dimensional observer interprets Q as 
due only to the variations of the fields A^' 



Sjmt,{x; y) = imnix; y)^l^{y)SA^ 
and, thus, at the first order in uj 

Afix) = Afix) + Cfo-^^ix)Anx) + 



M 



duj 



Ml 



X 



(10) 



(11) 



Therefore, from the point of view of an observer who cannot see extra- dimensions, the 
fields A^ behave under translations on the extra- coordinates like gauge bosons under 
gauge transformations, where the group's structures constants are those which come 
from Killing vector's algebra. 



To invert the matrix jab we define a new dual space base 



dxf" = dxf" dy^ = dy"" + ^'PrA^dx'' 



and the new metric is 



which can easily be inverted 



Jab 



lAB / 9 



9tiu 










9^" 











(12) 
(13) 

(14) 
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and we have 



3 



AB 



\ 



(15) 



Moreover, we get 
and so, from (fTr 



j = det{jAB) = det{jAB) 



det{jAB) 

where g is the determinant of g^^iy and 7 of 7^ 
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(16) 
(17) 



We want to derive the dynamic of the fields contained in the metric from a varia- 
tional principle, so we consider the action which is the n-dimensional extension of the 
Einstein-Hilbert one 



S 



(18) 



167rG'(„) 

and we use the tetradic formalism to calculate it and to split the curvature into pure four- 
dimensional terms and terms which descend from the presence of adjunctive dimensions 
and which describe and dynamics. 

{A 
A 



From the relation of tetradic vectors e'f'' with the metric 



{A) [B) 
JAB = V(A)(B)eA 



(19) 



we have the following expressions 



r (m) {i^) 

gp.u = '7(^)(i/)e^ eu 

A"^) _ „Mcm AM 



Cm 







(20) 



and using the reciprocity conditions e^^e^ = ^fs)^ 



(m) (n) 

A JA) _ „A ^A) _ AA) 



\B)'=^A 



^(m) ~ ^ 
/ '/ '^(m)'^(n) 



(21) 



From (III) , (fT9|l and Killing equation 



Imr ^ !rn S M 



dy"^ 



dy''- 



dy- 



(22) 
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we get two relations that will be useful in the following 



M 



Qyn 



de 



(n) 



f) pW _ pW _ r"^. tOtM (r) 



(23) 
(24) 



We can get from its relations with Ricci rotation coefficients that we obtain from the 
anolonomy tensor. 

We carry out the calculation in a local Lorentz frame, in which 



(25) 



and at the end we will restore the general invariance by substituting all the ordinary 
derivative respect to the variables with the covariant ones, respect to the same vari- 
ables. 

Using and (|^ we have for the anolonomy tensor 



where 



^(m)(n){p) — ll{m){r)^(n)^(^pfs QM<i p'ip 'in 



<P _ ^ 

QM' 



(26) 



(27) 



'-'u^^fj, '-^fi^u ~r ^NP /J. V 

and for Ricci rotation coefficients 

R(:m)(n)M = A[(m)(„)](/,) 
, R(m)(n){p) = l[\m){n)ip) + \n)(p)(m) + \p)in)(m)] 

from which, by means of the hypothesi that are totally antisymmetric, ^ and 

(I2l 



(28) 



''R = R-iirsCMCf,F^.F^.9''r -^r^ E (29) 



n=l 
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where R is the four-dimensional curvature and Rn the curvature term 



Rn - -jl Kn 4s GfiQCfp - -7 7 Jtut.m 4r ^ P^R^ QM^fS 

and just contains interactions among the fields a. 
So the action (fH^ is 



S 



167rG'(„) Jv^^BK 
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1 



k 



n=l 



a'"- a 



N 



d^xd'^y; 



and assuming that given a Killing vector all are equal for vector's r-components 
which are not zero and are defined a^, we have 



S 



16nG 



'9 



y4 



n=l 



a'' 



with the following positions 



+ R'r 



N 



d^X 



G 



G 



in) 



yK 



(30) 



(31) 



BK 



R'r 



■N 



--fRNd'^y. 



(32) 



(33) 



where is space's volume. 

Thus we get the geometrization of a generic gauge theory and its unification with gravity, 
in the sense that both Einstein- Hilbert action and Yang-Mills action derive from dimen- 
sional splitting of n-dimensional curvature. 

So gauge bosons can be interpreted like geometrical terms; the next steps are to introduce 
matter and to geometrize its coupling with them. 



2.2 Momentum extra-components as gauge charges 

Let introduce in empty space-time ® some matter fields ipr whose dynamic is 
described by a lagrangian density 

K = K{^r]dA'^r) (34) 
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which is invariant under the infinitesimal coordinates transformations 



that can be rewrite as 
where du"^ = {5uj'^] 5uj^) and 



ut = mO) < = (0;G)- 



(35) 
(36) 
(37) 



Let consider the invariance under global transformations, thus we choice 600"^ constant, 
so we get for fields transformations 



ip'^ = ipr + S(pr, Sifr = Oa'^tU^^UJ^ (38) 



and for lagrangian density 



d{dA^r 

dA \ dA 



d{dA^r) J dipr 



6(pr 



from which, using Euler-Lagrange equations in a curved space 



V, 



(- 



OA 



OA 



and the condition that the connection is metric for 7^ 

^ r'fmn 

which lead to 



= 0, 



we have 



0. 



(39) 

(40) 
(41) 
(42) 



The (ji^ is a continuity equation and the associated conserved quantities are n-dimensional 
components of fields momentum IIH] 



Pa= I V^[Ilr{dBVr)ui- Au\]d'xd''y 



(43) 



where is euclidean three-dimensional space and 11^ the fields conjugated to (pr 

OA 



(44) 
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Thus if we assume that dependence from extra-coordinates is of the type 

= ^^e-'"-(^'"Vs(a:'^) n, = -^7rJx'')e'^^^^y"^^ (45) 

we have 

Q, = P^= I Kd^(t>r - A5j](i'a; (46) 

JE'-i 

Qm = -^ I ^['^rCMdnTrs{yn<Ps]d'^d^y (47) 

the first terms are the ordinary four-dimensional components of fields momentum, which 
are therefore conserved, while to interpret the other ones like conserved gauge charges 
we put 1^ 

r,,(i/-)=Tp,,A5eQ(2/-) (48) 

with Tp the generators of the gauge group that acts on the fields (ps, 0*^ functions of the 
extra-dimensional variables expandable in generalized Fourier series ^ and the constant 
matrix A such that 

1 



(A-% = T77f/ V^i^odmend'^y- (49) 



In fact from pKll . (HH| and we can rewrite (jTTjl as 

Qm = -M {lTrTMrs<Ps)d^X, (50) 

SO we can interpret gauge charges as extra-dimensional components of fields momentum 
and their conservation comes from the invariance of the theory under translations along 
extra-dimensional coordinates. 

This suggests to identify gauge transformations with extra-dimensional translations, but 
from (|i5|l the transformation law for the fields is 

(/>:. = <Pr + l6u'^X§^'^dme^Tp,s<P, (51) 

which coincides with gauge transformation law only if 

^^dmQ^ = 6^ (52) 

and the last equation is equivalent to the vanishing of all structures constants; thus the 
equivalence between gauge transformation and extra-dimensional translations is imme- 
diate only in the Abelian case. 

Nevertheless, we have to consider that an observer, because of compattification, cannot 



^We stress how the functions 6^ can not be pure scalars, otherwise the matrix (A~^)q vanishes 
identically. On the other hand they have to be invariants under extra-coordinates transformations 
(isometrics); thus the natural choice for is to take scalar density of weight i.e. = \/l4>^ iv^)^ 
being (p^ non-constant scalars. 
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see extra-dimensions, so he considers as the same physical state states with equal ordi- 
nary four-dimensional coordinates and different extra-dimensional ones and, hence, the 
result of the measurement of a physical quantity on an eigenstate of position is obtained 
by an integration on the adjunctive variables. 

Therefore, the fields transformation law viewed by a four-dimensional observer is 

0; = ^ y v^(0r + i5u^\li^dmQ^Tp,s(t^s)d''y = 0. + iSu^Tq^^s- (53) 
which is the correct law for fields under gauge transformations. 

We, thus, interpret gauge transformations as the result of translations on the extra- 
dimensions and of their compattification. 

The same considerations stand for equations of fields motion in order to eliminate the 
dependence from extra-coordinates which obviously are not present in four-dimensional 
theory. In this sense we remaind to next work the check that from n-dimensional Einstein 
equations in the vacuum, which are the equations one gets from ^T^ . by an integration 
on extra-dimensional variables we obtain four-dimensional Einstein equations in presence 
of gauge bosons fields and of a fields. 

2.3 N-dimensional spinorial field 

We introduce matter as spinorial fields and assume a lagrangian density which is the 
n-dimensional extension of Dirac one 

A = !^[D(^)fr^(^)vl> - ^j(^)D(^A)n (54) 
where 7*^^^ are n matrix that satisfy the conditions of Dirac algebra 

' dAi^""^ = (55) 
(^^(A)y ^ ^(o)^(A)^(o) 

and 

AA)^ = '9(A)^-r(A)^ D^A)^ =d^A)^ + ^T(^A)- (56) 

In the following we assume that 7^^") and r(^) are equal to the four-dimensional ones. 
Now, we can carry out the dimensional reduction of the action which we get from (f5i|l 

^ = ^ / ViV^m,) + r(,))^7('^)^ - ^i^'\d^,^ - r(,))vi/ + 
+{dim) + r(^))%(™)v]/ - %('")(9(™) - r(^))vi/]d^xd^ 

and, using (|i5|) . (|i8|l and (|i9|) . by the integration on extra-coordinates we have 
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+ r(„))^7^"^V - ^7^™nrM - r(„))^]v/^(i^x (57) 

where ip = ip{x^) and 

= ^^Tp jjV^e^^^d^Q^)d^y. (58) 

Thus, the interaction terms between gauge bosons and spinorial fields descends naturally 
by the splitting, but the theory also predict adjunctive terms that can be eliminated 
imposing 

r(m) = ^{m)] (59) 

making this choice we are considering a n- dimensional space-time which is not a Rieman- 
nian manifold, but is still riemannian, because for the four-dimensional connection 
we take the standard form IIH] 

r(.) = -77^^^V(,)7H. (60) 



The problem we have taking spinorial extra-connections not zero concerns physical in- 
terpretation of them, because a spinor does not change under translations, which are 
the transformations we consider in extra-dimensional space, we expect the connections 
to be zero. But there is also to consider that the dependence of fields by the coordinates 
is very different between the ordinary and the extra ones (|l5|) . so our physical interpre- 
tation about connections could fail when we face extra-dimensions. 
However, taking zero extra-connections would produce the ordinary four-dimensional 
theory plus terms which describe free currents. 

3 Kaluza-Klein theory in 5-dimensions 

(geometrization of the gauge group U(l)) 

3.1 Kaluza-Klein theory 

In the original Kaluza-Klein theory is postulated as space-time a 5-dimensional (smooth) 
manifold of class C°°, which in order to reproduce the algebra of a U(l) group is the 
direct product between a generic 4-dimensional manifold and a circle of radius p, i.e. 

X S^; the analysis relies on the hypothesis (cylindricity condition) that there is, in 
the problem, no dependence on the fifth coordinate, that is 

jAB = jAB{xn {/i = 0,l,2,3}, (61) 

indeed the same restriction must hold for all the observable present in the theory. 
It is worth noting how, the requirement to have a compact fifth dimension implies that 
the metric be periodic in the corresponding coordinate; hence the independence on 



14 



has to be regarded as a zero-order cutoff of a Fourier expansion of all physical quantities. 



According to the 15 components of the 5-dimensional metric and of its inverse can 
be recasted in terms of the following 4-dimensional scalar, vector and tensor quantities 



^ ~ ^ -ekAf^ ^ + e^k^ApAP ' ^^'^^ 



where A^ transforms like an abelian gauge boson, e will be identified with the elec- 
tric charge and k denotes a constant implied by dimensional considerations, g^y is the 
four-dimensional metric and $ a scalar field. 

To get the field equations associated to our assumptions, we adopt a variational prin- 
ciple by taking as Lagrangian density the pentadimensional extension of the Einstein- 
Hilbert one, i.e. 

^A = ^^i? (64) 
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and the action 



Being 



C3 



'S--^l^J^Rd%. (65) 



3 = detiijAB)) = detiijAB)) = J = , (66) 

from we get for the quadridimensional action 

S = --^ / + 2V^5^$ + ^<^'F^,FP''] dn ; (67) 

iovrG J 4 

we observe that in the pentadimensional case the curvature terms vanish. 

By varying such action with respect to the fields g"^, $ and A^ one obtains a set of 
4-dimensional equations of the form 



^C"/? + V'^((9"$) - ^"^Vt,(9^<I>) + - lg''^Ff,yF^"'] = 
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from this system, as soon as we set $ = 1, we find the usual Einstein-Maxwell equations, 
but also the unphysical compatibility condition 

F^.F^^" = 0. (69) 

To avoid such an inconsistence of the theory, we are lead to impose the condition 
$ = 1 before varying the action; in this way we cannot variate respect to $ so that the 
second equation in the (f68|) and, thus, the unphysical condition does not outcome. 



3.2 Fifth Component of the Momentum and the Electric Charge 

At this point, using the condition $ = 1, we point out that even by a classic calculation 
we can get the equivalence existing between the fifth component of the pentamomentum 
of a particle and the electric charge of the same. 

We can start assuming an incoherent dust for which the particles move along the 
geodesies. 

For this reason we assume as action 



S = -mc J VJabu^u^ ds (70) 

which leads to the equations 

u^VbUa = 0. (71) 
Putting A = 5, because of the cylindricity condition, one obtains 

u^WyU^ = =^ Ms = cost (72) 



Now, we can calculate the constant k simply by imposing that from the equation i|uojn . 
in which we put $ = 1, we get Einstein's equations 



Gap -^[PapF/ - -^gapF a^F'"'] . (73) 



The condition needed is just 

k = VaG/cc^ (74) 
and in what follows we will assume it. 

Putting A = fi in (f7T| . neglecting the terms in which the quantities Ai, and VuA^ are 
of order higher to the first, utilizing the cylindricity condition, we get 



u^'W.u^ = eku^'u^F^, = ^^u'u'F^, (75) 



/4G 
c 

which compared with the classical equation 



U^VyUa = -^U^Fuu (76) 
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gives 

Now being 

Pa = rricuA (78) 

we have what we are looking for that is the relation between the particle charge and the 
fifth component of its 5-momentum: 

Considering that the fifth dimension is a circumference of length L, because of the 
periodicity condition it must result 

27m ^ , s , , 

P5 = -j^h {n e Z). (80) 

Comparing this result with one has 

h 

L = AttVG— ^ 2.37 lO^^^cm q = ne (81) 

ec 

Thus we get the quantization of electric charge and an estimate of the compattification 
in agreement with the fact that extra-dimensions are not observed. Such energies to 
permit to explore such distances, where extra-dimensions could yeld relevant effects, are 
still not available. 

Another expression for L will be obtained subsequently in the attempt to produce the 
quantum electrodynamics and we will see that unless a factor \/47r it will coincide with 

m- 

3.3 Spinors as Matter Fields and QED Theory 

Now we introduce matter by spinorial fields in eigenstates of the momentum fifth com- 
ponent and thus with the following dependence by extra-coordinates 

X{x^) = eiP'^^'^ix") (82) 

which verify the relations and therefore lead to the conservation of the charge 

associated to the group U(l); we define Dirac matrices in the pentadimensional curved 
space by their tetradic projections 

7^ - V^A) ^^^^ 7A = V^\liA) (83) 
for which we assume the following form 

= Y 7^^) = 75 = ^7°7^7^7^ (84) 
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and in this way they satisfy the Dirac algebra 

[^(A).^(iJ)]^2V^)(^). (85) 

For spinorial connections we assume the standard form for the four-dimensional ones 
and (l59l) for the extra-dimensional 



r(;.) r(^) = R(cj){p)(tA greek indexes go from 1 to 4 

r(5) = MI with M constant and I identity matrix. 

However this choice doesn't affect the four-dimensional theory, in fact while we do not 
have 

DaIb = (87) 
the Dirac algebra is still valid in the quadridimensional space-time 

= 0; (88) 

moreover the Lagrangian density with this form for the spinorial connections 

A = -^X7^^^^(A)X + '-^iD^A)Xh^^h + imc'^xx (89) 
is still invariant under the most general transformation of coordinate given by 0. 
By carrying out the dimensional reduction of the Dirac Lagrangian density one obtains 

'A = -^Xl'^ D^.X - -Y^ D^^xh^X j^A^Xl^x + + ^)X7^ + i^c^XX- 

(90) 

and imposing 

M . f (91) 

the penultimate term in (f9n|) disappears, thus the action is 

S=^J ^j^A<fxdx^ (92) 

from which by integrating on , using the cylindricity condition and the expression of 
X and X, we get 

S = - ! [ - ^^7"D,^ + ^(D,V^)7^^ - '^Jl^A.^ri^ + ^mc^^^] d'x 

C J L L Lj 

(93) 
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where now all the quantities are four-dimensional. 
Therefore using (f67j) the total action in presence of matter is 



s = i 

C 



-9 



E V d'^^ 



i^hc- „^ , i^hc.^ 2'K^ekhc ^ - . i 
ip'y^D^i/j H {D^ilj)j^ip Af^ip'-f^ip + imc^ipip 



d X. 



(94) 



We want to stress that what produces the right term is the phase dependence on the 
fifth coordinate of the spinor field whereas what avoid the generation of the term with 
the electromagnetic tensor is the particular choice of the spinorial connections. 



Now we will consider the condition $ = 1 to compare the results we have obtained 
with the well-known theory; in this case the (jMl) becomes 



C 



-9 



c: 1 e'^k'^c^ „ „„„ ihc 



16nG 



R 



167r AG ^''"^ 2 ' ^'^ 



^^c,^ , 27iekhc . J ,, : . 27 , 
+ —{D^i))-f''ip — A^ijji'i; + imc^ipip 



d^x 



(95) 



where it is clear that we get the ordinary action with the terms -^F^i^F^^ and eA^ip'-^^^ip 
by imposing 




1 



(96) 



from which we have 



k 



/AG 



L = 27ry4G- = 4.75 IQ-^^cm. 
in agreement with the previous evaluation. 



(97) 



3.4 $ as a Klein-Fock Field via a Conformal Factor 

In this section we demonstrate that it is possible to interpret the scalar field in the metric 
as a Klein-Fock field; in fact we can carry out a conformal transformation of the four- 
dimensional metric gap in such a way to obtain a new scalar field (p with a Klein-Fock 
field energy-momentum tensor. We define the conformal transformation 

9af3 = fi2(^(x^))^„^ 

Q/3 ^ 1 77«/3 19°; 
9 — B'^{if{x''))9 



19 



where Bliflx")) is a function of the scalar field ^pix"), never identically zero and of class 
at least C^. Also for the new metric stands the relation 

aaf^a'" = K (99) 

We redefine $ 

$ = A{if) (100) 

from which, because of (|i2j). 

J55 = A\v). (101) 

Our aim is to obtain the new lagrangian density and then the new equations by vari- 
ational principle. First we have to express the quantities i?, V^S'^^ and F^^^F^^ in 
the new conformal metric; four-dimensional Christoffel connections in terms of the old 
metric are 

K(3 = Ig'^idfsgap + d^g^p - d.g^p) (102) 
from which, by the (j98j) . we have 

Kp = + ^{KdpV + 5;d^V - ga^r^d^^) (103) 

where 

dB 

B'dpif = dpB and B' = — , (104) 

thus we get 

(2A'B'\ a' B' 

A" - -g-J id^^)idf,^) + -^g.pg'''{d„v){d,v) (105) 

and as a consequence 

a'— f a!' ia!b'\ 

where the crossed covariant derivatives are expressed as a function of crossed Christoffel 
coefficients. 

Moreover by the relation which expresses the Ricci's tensor as a function of Christoffel 
symbols we get, by a calculation rather laborious, 

Ro.fi = Rap + 2V, + gcpg'"^. {^^"^^ - 2 {d^v){dp^) + 

+ 90.^9'"' {d,^){d.v) (107) 

from which 

= ^R+ ^r'V^d,^ + ^r'id^^)id,^) (108) 
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Finally from the definition of Fn^, and F^'^ 



\/,A, - \/,A, = d,A, - d^A, e F^^ = g^^'g^'^F, 



per 



(109) 



it is an immediate consequence 



F = F 

^ p,v ^ pu 



(110) 



Therefore the lagrangian density in terms of the new four-dimensional metric is 



A 



R + 2 



+ 



167rG52 



A' 



B' 



A B 



3^)r''V.a,¥.+ (2:- + 4l-- + 6 



A" 



A'B' 



A 



AB 



,B^ 
B 



TP P' 



:fJ,U 



(111) 



where the two degrees of freedom introduced by the functions B{ip) and ^(v^) can be 
utilized by imposing 



A' B' 



with A constant, which leads to 



/I - ^2 



- 2- 



B 



(112) 



A 



+ 



IGnGB^ 



F..,.F 



456 ^/^-^ 
We observe that from (f^Hll we have 



?4 



and thus the action is 



S 



Bw-9 

B^ 

c 



-9- 



gAdQ] 



■ (113) 



(114) 



(115) 



now by an integration by parts and by using the relation V ^d^^p = -^^d^{^—gd^ip) we 
get 



-9 



2( (^)' -^]r'{d^^){d,^) 



B 



and our action becomes 
c^A 



S 



levrG 



456 ^/^-^ , 



i? + 6(— j r^(5„^)(9^^) + 



dVt. 



dVt (116) 



(117) 
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At this point to get fields equations we consider arbitrary variations of the fields 5^"^, 
Afj^ and the scalar field ip 



SS 



9a(3 



B' 



'\ 2 



+ 12( — ) V,d^^ + - 



B J 

■af3 

F F 



12 



S5 /5\3 

52 " \ B 



and then we have 

2 



B 



-flU 



(119) 







To get equations of the same kind as Einstein ones in presence of matter we use the 
degree of freedom given by the function B, in particular we impose 



6 



B 



56 



which allows the solution 

B = 

and from pi9p . using the relation (jUI), we have 



(120) 
(121) 



^ SttG 2 

Ga/3 



1 



(122) 



We can interpret the last equation assuming that G, Newton's gravitational constant, 
in some way varies in the space and in the time on large scale according to 



G* 



2G 



(123) 



where is a cosmological Klein-Fock field. 



3.5 The Gravity-Matter action and the Conformal Factor 

In this section we present the problems that arise by getting the conformal transforma- 
tion on the four-dimensional metric in presence of matter and we show how they can 
be overcome, thus obtaining a theory with gravity, a Klein-Fock field with a geometric 
source and spinorial matter fields. 
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From (jnHll we get the following relations between tetradic vectors of the old metric and 
the new ones 

V^-\ = BV^"^ „ (124) 
^(.) " = " (125) 

and we thus obtain 



^(5) 


5 ~ 


A 




fJ- ~ 




^(5) 


5 


X 



(126) 



while the components which were zero previously remain zero. 

To get the new spacetemporal Dirac's matrices we start from the tetradic ones that are 
not modified by the conformal transformation, so we have 

-f^ ^ F(,) = BY (127) 

and 



\ = V^''\^iP) = ^% (128) 
from which we obtain for spinorial connections 



r^. = -^T^v^Tp = + l^[l',l,]dp^- (129) 



Now, we can rewrite the lagrangian density of the action ([93|) as 

A = -^^TD,^ + '-^(D.^m + ^|^^{7^ S;}^(9,^) + 

- ^A^^j'^'^iIj + imc^tpip (130) 
B 

= (131) 

but, by using the anticommutation rules for the new Dirac's matrices, it is immediate 
to show that 

So our action is 



where 



{7^S;}=0. (132) 



(133) 
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and to get the field equations, we can proceed by varying the and we obtain in 

such a way for the spinorial field 

(134) 

ihcXB^^'D^ip + ((9^(^)7 + e5AA^7'^V - imc'^B'^X^ = 0; 

these equations bring to the non-conservation of the charge, in fact it is easy to get from 

(ini 

D,r = -^{d,v)r. (135) 

Such an inconvenience can be overcome by a conformal transformation on the spinorial 
field 

^ = F{ip)^* = F{ip)^* (136) 



that brings to a new action given by ()133jl in which every term is multiplied by a 
factor F'^{if); in particular the terms ^^B' {dfj,(p)j'^ilj and ^-^B' {d^'^)^lry^ which 
produce the (USHD, become '^{BF"^)' {d^^p)^''ilj and '^(BF^)' {df,ip)ip^'' and they 
disappear by imposing 

(SF^)' = (137) 



which leads to 

A 



. B 

where A is a constant. 

With such a condition, the spinor equations become 

ihcX^^D^ijj + eXA^jf^i/j — imc^BXip = 
ihcX(D^'ip)^^' - eXA^ip^'' + imc^BXip = 

while the other field equations with k = 2\/G/ec'^ are 



fl38) 



(139) 



rf — sttg 

'^af3 — -;a- 



fifB'\^rp(p I X'^rpEM j_ \ X rpiSpin+inter) 



where 



rpEM ^ -p^_9^-p p^"'\ (141) 
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We suppose the validity of the (|12()jl and then of the (|12HI from which we have 



D^[-y (142) 

and now it is easy to see that setting 

A = 1 A = 1 (143) 

we obtain: 

• Einstein's equations in which G depends on the space-time coordinates and there 
is a conformal factor in front of the energy-momentum tensor of the matter; 

• Maxwell's equations in which the electromagnetic tensor is coupled to the scalar 
field's gradient; 

• the equation describing the dynamics of the field ip, which does not resemble any 
known motion equation. 



3.6 Cosmological Implementation and the Dirac idea 

In the last section we will discuss about a possible spacetemporal dependence of some 
physical quantities such as the electric charge or Newton's gravitational constant. 
In order to do this we consider both the Dirac's work about his Large Number Hypoth- 
esis ^5 and a Chodos and Detweiler work In the latter they assume a Kasner 
metric to describe their five-dimensional universe and show a suitable scenario in which 
the compactification process is due exclusively to the temporal evolution of the universe. 
We will assume the Kasner metric as well to describe our 5-dimensional universe, iden- 
tifying so the Klein-Fock scalar field as a time depending function. This will allow 
us to deduce a temporal dependence of fundamental constants by the analysis of four- 
dimensional Einstein's equations and Dirac's equations for the spinorial field and its 
adjoint. 

As Chodos and Detweiler do, we assume the following Kasner metric: 

d 

ds" = -dt" + Y^{tlt^f^^ {dx'f (144) 

i=l 



with the condition on pi 

d 
i=l 

In order to guarantee the spatial isotropy 



d 
i=l 

of the universe we can chose 

(146) 



Pi = P2 



P3 = 2 



P5 



1 

2' 
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obtaining so 

ds^ = -de + {tlta)[{dx^f + {dx^f + [dx^'f] + {hlt){dx''f. (147) 

It is clear that for t = to the universe has four spatial dimensions of the same length. 
Instead for t << to it has essentially only one spacial dimension whereas for t >> to it 
assumes the current configuration with three spatial dimensions and a fifth one of length 

L' = {to/tf'^L. 

By rewriting the line element (jl47jl pointing out the conformal transformation we have 

where there aren't the electromagnetic terms because we consider them as a perturba- 
tion. 

Thanks to expression ()114|) and to the relation between the old and the new scalar field 
we can write 

from which, knowing that B'^ oc '^^^^^ we can affirm that 

^-^'^ (x{to/t) ip oc {to/t)-^/\ (150) 

Now we consider the Einstein's equations and Dirac's equations in the conformal refer- 
ence frame. From the former we obtain 

Goc<f-^ G oc {to/tf^^ (151) 

while from the latter, considering the speed of light as a constant, we can argue the 
constancy of the electric charge and the dependence on time of masses in accordance 
with the law 

m oc B{ip) oc (to/t)-^/^. (152) 
Now if we analyze the ratio estimated by Dirac we obtain 

e'^/m^G oc t (153) 

in accordance with his hypothesis. 

Nevertheless, t is the age of the universe only for a five-dimensional observer whereas an 
observer linked to the conformal reference frame will measure r as age of the universe 
that as we will see is proportional to t^/^. 

To show the last statement we reconsider the (11481) from which it is clear that the 
coefficient of dt"^ in the square brackets is proportional to 1/Vt. 
Now we define the variable r in such a way that the metric become 

ds^ = B\^) [-dT^ + f{r)dP] + g{T){dx''f (154) 
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where g and / depend on r. 

It is easy to show that the condition 



implies 

r oc t^'*. (156) 

So the ratio between the electric and the gravitational attraction for a four-dimensional 
observer is proportional to r^/^ not according with Dirac's hypothesis. 
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4 Geometrization of electro-weak model 



4.1 Space-time manifold and standard model particles 

Let consider the application to a space-time manifold V^^S^^S'^; the extra-dimensional 
space is such that it is possible to take one killing vector on and three Killing vectors 
on whose algebra is the same of the group SU{2) ® U{1) that therefore can be 
geometrized in this manifold in a Kaluza-Klein approach. 

In this case we introduce three a fields, one describing [a') and two 5*^, that, for 
simplicity, we assume equal {a). 

From the dimensional reduction of the seven-dimensions Einstein-Hilbert action we get 
the ordinary Einstein-Hilbert action, the Yang-Mills action for the four gauge bosons 
plus the terms that describe the dynamics of the fields a (jT^IUl . 

We introduce matter by spinorial fields; in particular we take 8-components spinors and 
this choice fixes univocally the number of space-time dimensions. In fact, to geometrize 
SU{2) ® U{1) we need at least of an adjunctive three dimensional space, like ® S^, 
but to define Dirac algebra are necessary n matrix which anticommute among them and 
the maximum number of 8 x 8 matrix that anticommute is 7; thus we must consider a 
seven dimensions space time manifold. 

In particular we have the following representation for Dirac matrices 



Moreover, we can reproduce all the particles of standard electro-weak model by two 
spinors for every leptonic family and for every quark generation 








(157) 




(158) 
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where for A we have 



yK 

with 



^..dK% = ^l v^fe^^^e^rf^y (159) 



1 , ^ 

«Lo = "2 O'Li = am = = 1 (160) 

aim = -1 (161) 

1 , , 

OqLO = + g flgil = Si2 = «gi3 = 1 (162) 

_ 2 _ 1 

^um — 2 c^d/J — "g- (163) 

and are SU (2) generators in an eight-dimensional representation and can be taken 
as 

--(?o) --(.^"o") --(o-"0 <-) 

where I is four-dimensional identity. 

Now, if we consider translations along extra-dimensions given by the second of (jH]), we 
found that the leptonic fields transform as 

A=[l- 4-^^°^ + (165) 

= {I- i6Jl)iJiR (166) 
€,R = ^..R (167) 

which are the correct transformations laws in standard model IIHI; one can verify that 
the same result stands for quarks. 

So, in this model we don't have the chirality problem, which typically affects theories 
which deal with electro- weak model geometrization this because in those the- 

ories they associate gauge transformations to rotations of multi-dimensional tetrad and 
look for complex irreducible representations of 0(1; n-1) which are solution of 

7'"a„^ = 0. (168) 

In our case, instead, gauge transformations are reproduced by translations and the dif- 
ferent transformation proprieties between left-handed and right-handed states descends 
not from the fact that they are complex representations of any group but from a different 
dependence by extra-dimensional coordinates. 



29 



Thus the total action is 



IGttG 



(7) 



1=1 



ihc 



+DA^lR'y^^lR - ^iR'y^DA^lR) ^A^gLl'^'^gL 



ihc 



5=1 

-^gLj'^DA'ifgL + DA^gRj^'ifgR " ^'mT^^^A^^R 



-g\/ —^df'xd^y 



where the sums run over the three leptonic families and the three quark generations; we, 
now, insert the coupling constants by redefining gauge bosons 

Al^kg'B^ A^^kgWl = 1,2,3) (169) 

and in this way, after the dimensional splitting with the suitable choice for spinorial 
connections, we have 



5' = — / d'^x\f^ 



4 4 



167rG IGttG 



n=l 



n^TO=l 



+ 



3 3 

1=1 1=1 ^ 



+hckg'aLQi^Ll^B^il]L + ^/ccgf ^ aLi^L7''W^^^L + ^kcg'aRQ^l]iRYB^^l)iR J + J^^^^v + 



9=1 



+DfdgR-i~^dgR - dgR-i'^DfdgR ) + Hkcg' g B g L+ 



l(4) 



+hkcgy^agLii^l'^^Wlijl + Hkcg'ay^RoUgR-f'^Bi^UgR + hkcg'aaRodgR-f'^B^dgR 
with 



i=l 



9i 



(170) 



(171) 
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Imposing that the action (I17()|] coincides with the electro-weak standard model one 
before symmetry breaking, we get 



^^k'g'a' = 1 hckg = g (172) 

(173) 

Y^k'gV = 1 hckg' = g' (174) 

and thus extra-dimensions lengths are determined by the coupling constants g and g', 
according with Weinberg P^] . 

by the relations with electric charge and Weinberg angle, we, finally, have an estimate 
of the compattification 

a = 0.18 X 10~^^cm a' = 0.33 x lO^^^cm. (176) 



Therefore, we achieve the geometrization of electro-weak standard model in a seven- 
dimensional space-time manifold and we also obtain an estimate of extra-dimensional 
lengths which agrees with the hypothesi that they actually are not observable. 

4.2 Spontaneous symmetry breaking 

At this point we need to reproduce symmetry breaking mechanism; so we introduce in 
the theory an adjunctive two components scalar field $ subjected to Higgs potential 

= lr7(^)(^)9(A)$^9(B)<l> - ^2$t$ _ A(<l>t$)^ (177) 

and with the following dependence by extra-coordinates 



where A coefficients are defined by ()159|l with 

_ 1 _ 1 _ 

If we carry out the dimensional reduction of the action we obtain from (117711 . imposing 
that the functions satisfy 

(180) 
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in) 



with constant, 



where 



and 



G 



p=o 



(181) 



(182) 



Thus, we have after dimensional reduction a four-dimensional field with the same action 
as Higgs field; but, from ()178p . the transformation laws for 0i and 02 under translations 
along are 



I-^^5u;^I)(j>^ 



(183) 
(184) 



so they transform in different ways under U(l) and they are two hypercharge singlet, 
not a doublet as in standard model. Thus our model predicts that Higgs field has two 
components with different hypercharge. 

In this way, we can reproduce invariant mass terms for fermions by 



where 
and 



$ = -z[($)tT2]^ 

4 8 



(185) 
(186) 
(187) 



r=l 



r=5 



At this point, spontaneous symmetry breaking is achieved imposing the following aspec- 
tation value on vacuum for $ 







^(l + a(x^)) 
which leads to just electric charge conservation. 



(188) 
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There are, however, in this model problems in reproducing Higgs' mass: in fact di- 
mensional reduction produces an adjunctive mass term 



G'=-^, (189) 

which using () 17611 is ~ lO^^GeV so much greater than mass estimates {mn ^ 200^6^) 
and, thus, it imposes an extremely accurate fine-tuning on the parameter /x^. 



4.3 a as Klein-Gordon fields 

Let consider the part of action (I17()j) that refers to a 



Sa 



WttG 

where we introduce A 



n=l n^m=l 



d ~ ~ 



(190) 



fl91) 



a' 



and, by the diagonalization of the second term of p9()|] . we get the transformation 

f Al = ^(Il+ 12 + ^3) 

= ^{-A^ + 2A^ -A"^) (192) 



A' = ^,{A'-A^) 



which lead to 



g^\2d^A^d,A^ - d^A'd^A' - d,A'd,A' 



(193) 



and 



V7 



n=l 



a' 



(194) 



We immediately see that the fields A^ and A^ are Klein-Gordon fields, while for A^ we 
define a conformal transformation on the four-dimensional metric and a transformation 
on A^ itself 

g^, = B\A')-g^, A^ ^ D{A^) (195) 
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where B and D are class not zero functions. 
Lagrangian density in terms of the new metric is 



A 



- 1 - - ^ 



n=2 



B' 



-2r''V^d,A^ ( 3— - 2L>' ) - r^'d^A^d^A^ ( AD" - 6— + 8— £>' + 5(D')' ) + R 



B" _B' 



B 



B 



IN 



and using the degrees of freedom given by the functions B and D we impose 

3^ -2D' = Q 



and thus 



AD" -6^ + S%D' + 5{D'y = f d2 



D^dA^ + g 
B = fe'^^' 



with d, f e g arbitrary constants. For the space 5*^ 5*^ we have 
so we can take f and d so that 



and with the transformation 



sV^ = 1 



^1 ^ ^^69^1 
2 



we obtain for the lagrangian density 



IGttG 



{4+K) 



- 1 - - ^ 



n=l 



(196) 
(197) 

(198) 
(199) 
(200) 

; (201) 



therefore we can interpret the scalar fields contained in the extra-dimensional metric as 
Klein-Gordon fields interacting each other. 

This scalar fields may be used to derive spontaneous symmetry breaking mechanisms, 
that so would be related to geometric proprieties of space-time and would not require the 
introduction of an adjunctive scalar field and the fine-tuning on its potential parameters. 
We also observe that the number of a fields is equal to the number of degrees of freedom 
necessary to attribute transversal components and so masses to three gauge bosons even 
if we do not know a spontaneous symmetry breaking mechanism able to achieve this aim, 
in fact in standard electro- weak model Higgs fields has got four independent components. 
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5 Conclusions 



In this work we presented the generahzation of Kaluza-Klein theories to general compact 
homogeneous extra-dimensional spaces in order to geometrize a generic gauge group 
theory. 

Beside the geometrization of the bosonic component, well-know in literature, the main 
results of our work have been 

• the identification of gauge transformations with extra-dimensional translations and 
the interpretation of gauge charges as extra-dimensional momentum components, 
so that the proprieties of interaction of fields descend from their dependence from 
extra-coordinates; 

• the geometrization of gauge connections for spinors, that lead to introduce matter 
by free spinors. 

Therefore, by starting from Einstein-Hilbert plus Dirac action the dimensional splitting 
gives a four-dimensional theory that describes gravity, gauge bosons, spinorial fields and 
their interactions: however to eliminate some adjunctive free currents terms we had to 
assume not-standard spinorial connections. 

In comparing the model with known theories, we eliminated extra-coordinates by an 
integration, whose explanation is related to not-observability of extra-dimensions. 
Then, as an application to a gauge group U(l) we described the original pentadimen- 
sional Kaluza-Klein theory in presence of free spinorial matter fields with a phase de- 
pendence on the fifth coordinate; in this way we got the issue to geometrize QED. 
We also showed how, by a conformal transformation on the four dimensional metric, it is 
possible to interpret the not well-known scalar field of the original theory as a Klein-Fock 
one and then we reproduced the theory with spinors after the conformal transformation. 
We also presented the application to the electro-weak model and thus to a non-abelian 
gauge group: we considered a space-time manifold (8> and we reproduced 
all standard model particle by two spinors for every leptonic family and quark gen- 
eration, with suitable dependence from extra-coordinates in order to have the correct 
interaction proprieties and to overall the chirality problem. We also obtained from cou- 
pling constants an estimate of extra-dimensions lengths. Finally to achieve spontaneous 
symmetry breaking we showed how the dimensional splitting of a scalar field with two 
opposite hypercharge components could lead to the Higgs field plus invariant mass terms 
for fermions, even if we need an extremely accurate fine-tuning on the parameter in the 
potential that suggested us to look for alternative ways. We retain that one of this could 
be related to the scalar fields in the extra-dimensional metric that can be interpreted as 
Klein-Gordon fields. 

However, in this kind of theories there are problems that concern the rule of extra- 
dimensional spinorial connections and the explanation of the compactification and of 
the breaking of general invariance. for which a both solution we retain could be find by 
spontaneous compactification mechanisms. 
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Moreover the formulation of a quantistic theory of gravity, because of compattification, 
become, if possible, more important when we introduce extra-dimensions; in particular 
models based on non commutative geometries for the adjunctive space [^01 [El] seems to 
tend toward this issue and they also could reproduce in a geometrical way spontaneous 
symmetry breaking mechanism |52| . 

Finally Kaluza-Klein theories' prospectives are applications to more complex gauge 
group in order to geometrize strong interaction or Grand Unification scheme. 
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